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Quantum-Logics-Valued Measure
Convergence Theorem
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In this paper, the following quantum-logic valued measure convergence theorem is
proved: Let (1, 0, 1) be a Boolean algebrd, 4, L, @, 0, 1) be a quantum logic and

{un 1 n € N} be a sequence sfbounded [», L, ®, 0, 1)-valued measures which are
defined on (4, 0, 1). If for eacha € (L1, 0, 1), {un(a)}nen is an order topology

rOLZ Cauchy sequence, wheri(a)} convergent to O{un(a)} is order topologyr(')‘2
convergent to O for eaal e N, wherev is a nonnegative finite additive measure which

is defined on (1, 0,1), then wherjv(a)} convergent to O{uuy(a)} are order topology

rOLZ convergent to 0 uniformly with respect toe N.
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1. INTRODUCTION

In 1994, Foulis and Bennett (1994) introduced the following quantum logic
structure and called it theffect algebra

Let L be a set with two special elements 0,l1be a subset of x L, if (a,
b) €1, denotea | b,andletd : 1 — L be abinary operation. We say that the alge-
braic systeml(, 1, &, 0, 1) is areffect algebraf the following axioms hold

(i) (Commutative Law) Ifa,be L anda L b, thenb L a anda® b=
be a.
(ii) (Associative Law) Ifa,b,ceL,alb and @db) Lc, thenb L
c,al(bdc)andadb)dc=ad (boc).
(iii) (Orthocomplementation Law) For eacghe L there exists an unique
be L suchthag 1 bandae® b =1.
(iv) (Zero-UnitLaw)Ifae L and 1l a,thena=0.
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Let (L, L, &, 0, 1) be an effect algebra.df b € L anda L b we say thaa
andb beorthogonal If a ® b = 1 we say thab is theorthocomplemenrtf a, and
we writeb =a'.Clearly1 =0,@) =a,alL 0anda® 0= aforallae L. We
say thaia < bif there exists € L such that L canda & ¢ = b. We may prove
that< is a partial ordering oh and satisfiesthat8 a <l,a<b < b <a'and
a<b s albforabel.

If a < b, the element € L such thatc 1. a anda & ¢ = b is unique, and
satisfies the conditioo = (a @ b')". It will be denoted byc = b o a.

Let F={a :1<i <n} be a finite subset oL. If a3 L a, (a1 ® &)
lag...and@g®a - ®ay_1) L a,, we say thafF is orthogonaland we de-
finedF =ay®a---®ay,=(@1®--- D a_1) ® a, (by the commutative and
associative laws, this sum does not depend of any permutation of elements). Now,
if Ais an arbitrary subset df and F(A) is the family of all finite subsets of
A, we say thatA is orthogonalif F is orthogonal for everyr € F(A). If A'is
orthogonal, we defin@A = \/{®F : F € F(A)}, supposed that the supremum
exists in (, <), and itis called thed-sumof A. If Ais an orthogonal subset af
andB C A, it is obviously thatB is also orthogonal. If there exigt A and® B,
then®B < ®A. Moreover, let §);c; be an orthogonal subset bf then we may
prove (Mazario, 2001)

(1) If | isfinite andJ C 1, then @ic3a) L (@ici\ya) and

(Bicra) = (Picsai) ® (Bicinaa)

(2) If J S | and there exists = @jcia, b = Bicsai, C = Bici\2a, then
blcanda=boec.

(3) If there existspicma for all M € | and{H; : j € J} is a partition of
I, thenA = {®ich;& : ] € J}is an orthogonal subset &f there exists
GAanddA = i & .

(4) 1f(Fj)jeq is afamily of finite and pairwise disjoint subsetslothen the
set{®icrja : j € J}is orthogonal inL.

(5) If by e Landb; < g foralli € I, then )¢ is an orthogonal subset of
L.

(6) Ifa® banda v bexist,thera A bexistsand @ b = (a v b) ® (a A b).

If the partial order< of effect algebral(, L, ®, 0, 1) defined as above is a
lattice, then the effect algebra (L, @, 0, 1) is said to be kttice effect algebra

If for all a,belL,a<b or b<a, then (,1,®,0,1) is said to be
a totally ordered effect algebraif for all a,b e L, satisfies thata < b,
there existsc € L such thata<c<b, then (,L1,,0,1) is said to be
connected

An effect algebra iomplete if for each orthogonal subsei of L, the
@-suma A exists; if for each countable orthogonal subBetf L, the®-sumdB
exists, then we say that the effect algebraisomplete
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We say that the effect algebtahas thesequential completeness propeiity
for each orthogonal sequen{s} of L, there is a subsequen¢a, } of {a} such
that®yay, exists.

2. ORDER TOPOLOGY OF QUANTUM LOGICS

A partial ordered setA, <) is said to be alirected setif for all «, 8 € A,
there existy € A suchthatx <y, 8 < y.

If (A, x) is a directed set and for eache A, a, € (L, L, 4,0, 1), then
{ag}aen IS said to be metof (L, L, &, 0, 1).

Let {ay}owcan be a net of [, L, ®,0,1). Then we writea, 1, when
a < B, 8, < ag. Moreover, ifais the supremum dfa, : @ € A}, i.e.,a= Vvi{a,:
a € A}, then we writeg, 1 a.

Similarly, we may writeg, | anda, | a.

If {Uglaen, {Valaen are two nets of I(, 1, ®,0,1), forutu, <v, | Vv
means that, <v, for all « € A andu, 1 u andv,,v. We writeb <u, 1 u
if b <u, foralla € A andu, 1 u.

We say a netla,}.cn Of (L, L, ®,0, 1) isorder convergento a point
a of L if there exist two netjU,}qea and {Vqleea Of (L, L, ®,0,1) such
that

atuy <a, <Vu | a

Let F={F:F =0 or F CL and for each neta,},ca of F such that if
{ay}aen IS Order convergent ta, thena € F}.

Itiseasytoprovethdt, L € FandifF,, F, ..., F, € F, thenUi”:1 F e F,
if {F,}uee CF, thenﬂuEQ F. € F. Thus, the familyF of subsets oL define
a topologyroL on (L, L, ®, 0, 1) such thatF consists of all closed sets of this
topology. The topologyy; is called theorder topologyof (L, L, &, 0, 1) (Birkhoff,
1948).

We can prove that the order topology of (L, L, ®,0,1) is the finest
(strongest) topology o such that for each ndl,},c5 Of (L, L, ®,0, 1), if
{ay}aea is Order convergent ta, then{a, }ocA Must be topologyoL convergent to
a. But the converse is not true.

Lemma 1. (Junde et al., 2003). LdlL, L, &, 0, 1) be a totally ordered effect
algebra. If A= {ax}ken is orthogonakb-summable, thefa, }nen is order topology
7§ convergent to 0.

Lemma 2. (Junde et al., 2003). IfL, L, &, 0, 1)is ac-complete totally order
connect effect algebra, then for eachehL, 0 < h, there exists an orthogonal
@-summable sequenéh; } of L such thatvnen{®_;hi} < h.
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3. MAIN THEOREM AND ITS PROOF

Definition 3.1. (Jundeet al, 2003). Let (, L, &, 0, 1) be a totally ordered
effect algebra. We say that the sequenagi,n of (L, L, ®,0,1) is an or-
der topologyr -Cauchy sequencé for eachh € L, 0< h, there existsiy € N
such that whemg < n, ng < m, if a, < an, thena,, © a, < h, if an < a,, then
8h©am<h.

Let (L1, 1,4,0,1), L2 L,,0,1) be two effect algebras. A mapping
u: L1 — Lyissaidto be aneasuravhich is defined onl(;, L, @, 0, 1) and take
valuedin(,, L, ®, 0, 1),ifa,b e (L1, L, ®, 0, 1)witha L b, thenu(a) L u(b)
andu(a @ b) = u(a) ® u(b). We say the measuyeis s-boundedvith respect to
the order topologytoL2 if for each orthogonal sequen¢a,} of (L4, L, &, 0, 1),
{u(an)} is order topologyr(';2 convergent to O. Ifu, : n € N} is a sequence of
s-bounded. ,-valued measures which are defined.grand for each orthogonal se-
quencdag} of (L1, L, @, 0, 1),{un(ax)} is order topolog;toL2 convergentto O uni-
formly with respecttm € N, then{u,, : n € N}is said to bainiformaly s-bounded

Brooks and Jewett (1970) proved the following famous Vitali-Hahn—Saks
measure theorem:

Theorem 1. If Ais ao-algebra on a nonempty sét, (X, || - ||) is a Banach
space,{in : n € N} is a sequence of s-bounded X-valued measures which are
defined on4 and for each Ac A, {un(A)}nen iS @ - || convergent sequence,
lim .,,(a)=0.(a)—0 for each ne N, wherev is a nonnegative finite additive measure
which is defined ot4, thenlim , (a)—0,.(a)—0 Uniformly with respect to e N.

An interesting problem is whether Theorem 1 is also hold for quantum logics
valued measures? Now, we show that the answer is true.

At first, by Lemma 1, 2, and the methods of Jurd&l. (2003), Junde and
Zhihao (2003), and Mazario (2001), we may prove the following lemma:

Lemma3. Let(Lqy, 1, ®,0,1)and(L,, L, &, 0, 1)be two quantum logics, 1L
have the sequentially completeness propdity, L, @, 0, 1) be ao-complete
totally order connect effect algebrdy, : n € N} be a sequence of s-bounded
(Lo, L, @, 0, 1}valued measures which are defined bn, L, &, 0, 1) Iffor each
ae (L, L, ®,0,1),{un(@)}nen, isan ordertopology*oL2 Cauchy sequence, then
{un} is uniformly s-bounded.

Our main result is:

Theorem 3. Let(L1, O, 1)be a Boolean algebra ar(d.,, L, @, 0, 1)be a quan-
tum logics, Ly have the sequentially completeness propétty, L, @, 0, 1)be a
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o-complete totally order connect effect algebfa,, : n € N} be a sequence of
s-boundedL,, L, &, 0, 1}valued measures which are definedba, 0, 1) If for
each ae (L1, 0, 1),{un(a)}nen is an order topologyr(;‘2 Cauchy sequence, and
for each ne N, when{v(a)} convergent to O{uun(a)} is order topologyroL2 con-
vergent to 0, where is a nonnegative finite additive measure which is defined
on (L4, 0, 1) then whern{v(a)} convergent to O{un(a)} are order topologyrg‘2
convergent to 0 uniformly with respect toaN.

Proof: Ifthe conclusionis notture, there exist L, orthogonat-summable
sequence{hy} C Lo, {ny} € N, positive numbers sequenciy}, {ax} C Lo,
such thatg2 ,hi < h, for eachk € N, &2, 1hi < hy, un,.,(@k+1) > h;v(aks1)
< Sky1 @ndv(a) < dky1 implies thatiun, (@) < haes for eachj < k. Without loss
generality, we may assume thmgt=i. Thus we have

Mks1(@r1) > h, 1)
wi(@) < hows, j <K, a < aggq. (2)

Letc; = ap andi; = 2. If there exists aip > 2 such thaji,(C1 A &,) > hy,
thenletc; = ¢y A &), If ¢1, - -+, & andi, - - -, ik have been chosen and that there
exists any;1 > i suchthag,., (ck A &,,,) > ha, thenlett, = o A a{m. Thus,
we have

Ckt1 < Ck, Ck © Ckp1 = Ck A @y, (3

It follows from (2), (3), and the assumption {f; } that

/"Lik+1(ck A Ck+1) > h4- (4)
i (Ck A Cit1) > hoess. (5)

Now, we show that there exists @, € L, and aniy, such that for all
j > ikoyllj(cko /\aj) < hyg.

In fact, if not, we can obtain an orthogonal sequefogen ¢k, 1} of L; which
satisfy (4) and (5). Thus, we have

Migsr (Ck A Cicy1) © i (Ck A Cey1) > hg, k=1,2,--- .

This contradicts Lemma 3. Hence, there existg & L1 and ariy, such that
forall j > iy, nj(Ce, A aj) < ha.

Let p1 =ik U1 = Ciy» Mi(l) = Upy+is ai(l) =ap,4i AQg;. It follows from
(1) and (5) easily that

w1(91) < hye,
u2(91) < h @ hy.
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So
u2(91) © 11(91) > h © hs © hys,
u® (a) > h e,

u(a) < haw,a<al, j<i.

Let ¢! = afM). Similarly, we can obtain a(l) and ani, such that for all
j> ik, 1 l)(c(l) A a}l)) < hg.
2 1 2 1
Let p =iy, 02 = c( ), M.( ) — /L(pz)ﬂ, ai( ) — asz)+I NG, ThengiAg =0

anduo(g) < haz, M(ll)(gz) >h & hy©hg. So,
18(92) © na(gz) > h ©hs © hg © hay,
1P (@?) > heoh,eh,
uP(@) < has,a=a® j<i.

Inductively, we can obtain an disjoint sequer{ge} of L, and {u(k)} such

that 1&g +2)e ua+2)>hehehge--6hxae--->heh
forallk € N.
This contradicts Lemma 3 and so the theorem is proved. O
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