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In this paper, the following quantum-logic valued measure convergence theorem is
proved: Let (L1, 0, 1) be a Boolean algebra, (L2, ⊥, ⊕, 0, 1) be a quantum logic and
{µn : n ∈ N} be a sequence ofs-bounded (L2, ⊥,⊕, 0, 1)-valued measures which are
defined on (L1, 0, 1). If for eacha ∈ (L1, 0, 1), {µn(a)}n∈N is an order topology
τ

L2
0 Cauchy sequence, when{v(a)} convergent to 0,{µn(a)} is order topologyτ L2

0
convergent to 0 for eachn ∈ N, wherev is a nonnegative finite additive measure which
is defined on (L1, 0,1), then when{v(a)} convergent to 0,{µn(a)} are order topology
τ

L2
0 convergent to 0 uniformly with respect ton ∈ N.
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1. INTRODUCTION

In 1994, Foulis and Bennett (1994) introduced the following quantum logic
structure and called it theeffect algebra.

Let L be a set with two special elements 0, 1,⊥ be a subset ofL × L, if (a,
b) ∈⊥, denotea ⊥ b, and let⊕ :⊥→ L be a binary operation. We say that the alge-
braic system (L ,⊥,⊕, 0, 1) is aneffect algebraif the following axioms hold

(i) (Commutative Law) Ifa, b ∈ L and a ⊥ b, then b ⊥ a and a⊕ b=
b⊕ a.

(ii) (Associative Law) If a, b, c ∈ L , a ⊥ b and (a⊕ b) ⊥ c, then b ⊥
c, a ⊥ (b⊕ c) and (a⊕ b)⊕ c = a⊕ (b⊕ c).

(iii) (Orthocomplementation Law) For eacha ∈ L there exists an unique
b ∈ L such thata ⊥ b anda⊕ b = 1.

(iv) (Zero-Unit Law) If a ∈ L and 1⊥ a, thena = 0.
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Let (L ,⊥,⊕, 0, 1) be an effect algebra. Ifa, b ∈ L anda ⊥ b we say thata
andb beorthogonal. If a⊕ b = 1 we say thatb is theorthocomplementof a, and
we writeb = a′. Clearly 1′ = 0, (a′)′ = a, a ⊥ 0 anda⊕ 0= a for all a ∈ L. We
say thata ≤ b if there existsc ∈ L such thata ⊥ c anda⊕ c = b. We may prove
that≤ is a partial ordering onL and satisfies that 0≤ a ≤ 1, a ≤ b⇔ b′ ≤ a′ and
a ≤ b′ ⇔ a ⊥ b for a, b ∈ L.

If a ≤ b, the elementc ∈ L such thatc ⊥ a anda⊕ c = b is unique, and
satisfies the conditionc = (a⊕ b′)′. It will be denoted byc = bª a.

Let F = {ai : 1≤ i ≤ n} be a finite subset ofL. If a1 ⊥ a2, (a1⊕ a2)
⊥ a3, . . . and (a1⊕ a2 · · · ⊕ an−1) ⊥ an, we say thatF is orthogonaland we de-
fine⊕F = a1⊕ a2 · · · ⊕ an = (a1⊕ · · · ⊕ an−1)⊕ an (by the commutative and
associative laws, this sum does not depend of any permutation of elements). Now,
if A is an arbitrary subset ofL andF(A) is the family of all finite subsets of
A, we say thatA is orthogonalif F is orthogonal for everyF ∈ F(A). If A is
orthogonal, we define⊕A =∨{⊕F : F ∈ F(A)}, supposed that the supremum
exists in (L ,≤), and it is called the⊕-sumof A. If A is an orthogonal subset ofL
and B ⊆ A, it is obviously thatB is also orthogonal. If there exist⊕A and⊕B,
then⊕B ≤ ⊕A. Moreover, let (ai )i∈I be an orthogonal subset ofL, then we may
prove (Mazario, 2001)

(1) If I is finite andJ ⊆ I , then (⊕i∈Jai ) ⊥ (⊕i∈I \Jai ) and

(⊕i∈I ai ) = (⊕i∈Jai )⊕ (⊕i∈I \Jai )

(2) If J ⊆ I and there existsa = ⊕i∈I ai , b = ⊕i∈Jai , c = ⊕i∈I \Jai , then
b ⊥ c anda = b⊕ c.

(3) If there exists⊕i∈Mai for all M ⊆ I and{Hj : j ∈ J} is a partition of
I , thenA = {⊕i∈Hj ai : j ∈ J} is an orthogonal subset ofL, there exists
⊕A and⊕A = ⊕i∈I ai .

(4) If (Fj ) j∈J is a family of finite and pairwise disjoint subsets ofI , then the
set{⊕i∈F j ai : j ∈ J} is orthogonal inL.

(5) If bi ∈ L andbi ≤ ai for all i ∈ I , then (bi )i∈I is an orthogonal subset of
L.

(6) If a⊕ banda ∨ bexist, thena ∧ bexists anda⊕ b = (a ∨ b)⊕ (a ∧ b).

If the partial order≤ of effect algebra (L ,⊥,⊕, 0, 1) defined as above is a
lattice, then the effect algebra (L ,⊥,⊕, 0, 1) is said to be alattice effect algebra.

If for all a, b ∈ L , a ≤ b or b ≤ a, then (L ,⊥,⊕, 0, 1) is said to be
a totally ordered effect algebra; if for all a, b ∈ L, satisfies thata < b,
there existsc ∈ L such thata < c < b, then (L ,⊥,⊕, 0, 1) is said to be
connected.

An effect algebra iscomplete, if for each orthogonal subsetA of L, the
⊕-sum⊕A exists; if for each countable orthogonal subsetB of L, the⊕-sum⊕B
exists, then we say that the effect algebra isσ -complete.
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We say that the effect algebraL has thesequential completeness property, if
for each orthogonal sequence{ai } of L, there is a subsequence{aik} of {ai } such
that⊕kaik exists.

2. ORDER TOPOLOGY OF QUANTUM LOGICS

A partial ordered set (3,¹) is said to be adirected set, if for all α, β ∈ 3,
there existsγ ∈ 3 such thatα ¹ γ , β ¹ γ .

If (3,¹) is a directed set and for eachα ∈ 3, aα ∈ (L ,⊥,⊕, 0, 1), then
{aα}α∈3 is said to be anetof (L ,⊥,⊕, 0, 1).

Let {aα}α∈3 be a net of (L ,⊥,⊕, 0, 1). Then we writeaα ↑, when
α ¹ β, aα ≤ aβ . Moreover, ifa is the supremum of{aα : α ∈ 3}, i.e.,a = ∨{aα :
α ∈ 3}, then we writeaα ↑ a.

Similarly, we may writeaα ↓ andaα ↓ a.
If {uα}α∈3, {vα}α∈3 are two nets of (L ,⊥,⊕, 0, 1), for u ↑ uα ≤ vα ↓ v

means thatuα ≤ vα for all α ∈ 3 and uα ↑ u and vα↓v. We write b ≤ uα ↑ u
if b ≤ uα for all α ∈ 3 anduα ↑ u.

We say a net{aα}α∈3 of (L ,⊥,⊕, 0, 1) is order convergentto a point
a of L if there exist two nets{uα}α∈3 and {vα}α∈3 of (L ,⊥,⊕, 0, 1) such
that

a ↑ uα ≤ aα ≤ vα ↓ a.

Let F = {F : F = ∅ or F ⊆ L and for each net{aα}α∈3 of F such that if
{aα}α∈3 is order convergent toa, thena ∈ F}.

It is easy to prove that∅, L ∈ F and ifF1, F2, . . . , Fn ∈ F , then
⋃n

i=1 Fi ∈ F ,
if {Fµ}µ∈Ä ⊆ F , then

⋂
µ∈Ä Fµ ∈ F . Thus, the familyF of subsets ofL define

a topologyτ L
0 on (L ,⊥,⊕, 0, 1) such thatF consists of all closed sets of this

topology. The topologyτ L
0 is called theorder topologyof (L ,⊥,⊕, 0, 1) (Birkhoff,

1948).
We can prove that the order topologyτ L

0 of (L ,⊥,⊕, 0, 1) is the finest
(strongest) topology onL such that for each net{aα}α∈3 of (L ,⊥,⊕, 0, 1), if
{aα}α∈3 is order convergent toa, then{aα}α∈3 must be topologyτ L

0 convergent to
a. But the converse is not true.

Lemma 1. (Junde et al., 2003). Let(L ,⊥,⊕, 0, 1) be a totally ordered effect
algebra. If A= {ak}k∈N is orthogonal⊕-summable, then{an}n∈N is order topology
τ L

0 convergent to 0.

Lemma 2. (Junde et al., 2003). If(L ,⊥,⊕, 0, 1) is a σ -complete totally order
connect effect algebra, then for each h∈ L , 0 < h, there exists an orthogonal
⊕-summable sequence{hi } of L such that∨n∈N{⊕n

i=1hi } < h.
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3. MAIN THEOREM AND ITS PROOF

Definition 3.1. (Jundeet al., 2003). Let (L ,⊥,⊕, 0, 1) be a totally ordered
effect algebra. We say that the sequence{an}n∈N of (L ,⊥,⊕, 0, 1) is an or-
der topologyτ L

0 -Cauchy sequence, if for eachh ∈ L , 0 < h , there existsn0 ∈ N
such that whenn0 ≤ n, n0 ≤ m, if an ≤ am, thenamª an < h , if am ≤ an, then
an ª am < h .

Let (L1,⊥,⊕, 0, 1), (L2,⊥,⊕, 0, 1) be two effect algebras. A mapping
µ : L1→ L2 is said to be ameasurewhich is defined on (L1,⊥,⊕, 0, 1) and take
valued in (L2,⊥,⊕, 0, 1), ifa, b ∈ (L1,⊥,⊕, 0, 1) witha ⊥ b, thenµ(a) ⊥ µ(b)
andµ(a⊕ b) = µ(a)⊕ µ(b). We say the measureµ is s-boundedwith respect to
the order topologyτ L2

0 if for each orthogonal sequence{an} of (L1,⊥,⊕, 0, 1),
{µ(an)} is order topologyτ L2

0 convergent to 0. If{µn : n ∈ N} is a sequence of
s-boundedL2-valued measures which are defined onL1 and for each orthogonal se-
quence{ak} of (L1,⊥,⊕, 0, 1),{µn(ak)} is order topologyτ L2

0 convergent to 0 uni-
formly with respect ton ∈ N, then{µn : n ∈ N} is said to beuniformaly s-bounded.

Brooks and Jewett (1970) proved the following famous Vitali–Hahn–Saks
measure theorem:

Theorem 1. If A is a σ -algebra on a nonempty setÄ, (X, ‖ · ‖) is a Banach
space,{µn : n ∈ N} is a sequence of s-bounded X-valued measures which are
defined onA and for each A∈ A, {µn(A)}n∈N is a ‖ · ‖ convergent sequence,
limµn(A)=0µ(A)→0 for each n∈ N, whereν is a nonnegative finite additive measure
which is defined onA, thenlimµn(A)=0µ(A)→0 uniformly with respect to n∈ N.

An interesting problem is whether Theorem 1 is also hold for quantum logics
valued measures? Now, we show that the answer is true.

At first, by Lemma 1, 2, and the methods of Jundeet al. (2003), Junde and
Zhihao (2003), and Mazario (2001), we may prove the following lemma:

Lemma 3. Let (L1,⊥,⊕, 0, 1)and(L2,⊥,⊕, 0, 1)be two quantum logics, L1
have the sequentially completeness property,(L2,⊥,⊕, 0, 1) be a σ -complete
totally order connect effect algebra,{µn : n ∈ N} be a sequence of s-bounded
(L2,⊥,⊕, 0, 1)-valued measures which are defined on(L1,⊥,⊕, 0, 1). If for each
a ∈ (L1,⊥,⊕, 0, 1),{µn(a)}n∈N, is an order topologyτ L2

0 Cauchy sequence, then
{µn} is uniformly s-bounded.

Our main result is:

Theorem 3. Let(L1, 0, 1)be a Boolean algebra and(L2,⊥,⊕, 0, 1)be a quan-
tum logics, L1 have the sequentially completeness property,(L2,⊥,⊕, 0, 1)be a
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σ -complete totally order connect effect algebra,{µn : n ∈ N} be a sequence of
s-bounded(L2,⊥,⊕, 0, 1)-valued measures which are defined on(L1, 0, 1). If for
each a∈ (L1, 0, 1),{µn(a)}n∈N is an order topologyτ L2

0 Cauchy sequence, and
for each n∈ N, when{ν(a)} convergent to 0,{µn(a)} is order topologyτ L2

0 con-
vergent to 0, whereν is a nonnegative finite additive measure which is defined
on (L1, 0, 1), then when{ν(a)} convergent to 0,{µn(a)} are order topologyτ L2

0
convergent to 0 uniformly with respect to n∈ N.

Proof: If the conclusion is not ture, there existsh ∈ L2, orthogonal⊕-summable
sequence{hk} ⊆ L2, {nk} ⊆ N, positive numbers sequence{δk}, {ak} ⊆ L2,
such that⊕∞i=1hi < h , for eachk ∈ N,⊕∞i=k+1hi < hk, µnk+1(ak+1) > h ; ν(ak+1)
< δk+1 andν(a) < δk+1 implies thatµnj (a) < h2k+3 for each j ≤ k. Without loss
generality, we may assume thatni = i . Thus we have

µk+1(ak+1) > h , (1)

µ j (a) < h2k+3, j ≤ k, a ≤ ak+1. (2)

Let c1 = a2 andi1 = 2. If there exists ani2 > 2 such thatµi2(c1 ∧ ai2) > h4,
then letc2 = c1 ∧ a′i2. If c1, · · · , ck andi i , · · · , i k have been chosen and that there
exists ani k+1 > i k such thatµi k+1(ck ∧ aik+1) > h4, then letck+1 = ck ∧ a′i k+1

. Thus,
we have

ck+1 ≤ ck, ck ª ck+1 = ck ∧ aik+1. (3)

It follows from (2), (3), and the assumption of{hi } that

µi k+1(ck ∧ ck+1) > h4. (4)

µi k (ck ∧ ck+1) > h2k+3. (5)

Now, we show that there exists ack0 ∈ L1 and an i k0 such that for all
j > i k0, µ j (ck0 ∧ aj ) < h4.

In fact, if not, we can obtain an orthogonal sequence{ck ∧ ck+1} of L1 which
satisfy (4) and (5). Thus, we have

µi k+1(ck ∧ ck+1)ª µi k (ck ∧ ck+1) > h8, k = 1, 2,· · · .
This contradicts Lemma 3. Hence, there exists ack0 ∈ L1 and ani k0 such that

for all j > i k0, µ j (ck0 ∧ aj ) < h4.
Let p1 = i k0, g1 = ck0, µ

(1)
i = µp1+i , a(1)

i = ap1+i ∧ g′1. It follows from
(1) and (5) easily that

µ1(g1) < h16,

µ2(g1) < h ª h4.
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So

µ2(g1)ª µ1(g1) > h ª h4ª h16,

µ
(1)
i

(
a(1)

i

)
> h ª h4,

µ
(1)
j (a) < h2i+3, a ≤ a(1)

i , j < i .

Let c(1)
1 = a(1)

2 . Similarly, we can obtain ac(1)
k1

and ani k1 such that for all

j > i k1, µ
(1)
j (c(1)

k1
∧ a(1)

j ) < h8.

Let p2 = i k1, g2 = c(1)
k1

, µ(2)
i = µ(1)

p2+i , a(2)
i = a(1)

p2+i ∧ g′2. Then g1 ∧ g2 = 0

andµ2(g2) < h32, µ
(1)
1 (g2) > h ª h4ª h8. So,

µ
(1)
1 (g2)ª µ2(g2) > h ª h4ª h8ª h32,

µ
(2)
i

(
a(2)

i

)
> h ª h4ª h8,

µ
(2)
j (a) < h2i+3, a ≤ a(2)

i , j < i .

Inductively, we can obtain an disjoint sequence{gk} of L1 and{µ(k)
1 } such

that µ(k+1)
1 (gk + 2)ª µ(k)

1 (gk + 2) > h ª h4ª h8ª · · · ª h2k+1 ª · · · > h ª h1

for all k ∈ N.
This contradicts Lemma 3 and so the theorem is proved. ¤
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